In this paper we consider numerical methods for a singularly perturbed reaction-diffusion problem with a discontinuous source term. We show that such a problem arises naturally in the context of models of simple semiconductor devices. We construct a numerical method consisting of a standard finite difference operator and a non-standard piecewise-uniform mesh. The mesh is fitted to the boundary and interior layers that occur in the solution of the problem. We show by extensive computations that, for this problem, this method is parameteruniform in the maximum norm, in the sense that the numerical solutions converge in the maximum norm uniformly with respect to the singular perturbation parameter. 
The semiconductor device equations
The stationary behaviour of semiconductor devices can be described by the nonlinear system of second-order elliptic equations of van Roosbroeck [6] . In one dimension, for example, a simple p-n diode Ω = (0, 1) with two Ohmic contacts, an anode at x = 0 and a cathode at x = 1, is governed by the equations on Ω with appropriate boundary conditions at x = 0 and x = 1. Here ψ is the electrostatic potential, η and ρ are the electron and hole concentrations in the Slotboom variables, D denotes the doping function and R denotes the recombination/generation rate. The doping function D has a large jump at a point in Ω, called the p-n junction. The magnitude of the jump lies typically in the range from 10 10 to 10 20 . Because of this jump, the solutions ψ, η and ρ have thin interior layers in a neighbourhood of the p-n junction.
In the numerical solution of this coupled nonlinear system, the iterative method of Gummel [2] is normally used to decouple the system. The result of this decoupling is that in each iteration the Poisson equation (1.1a ) and the two continuity equations (1.1b), (1.1c) are solved sequentially. To solve the decoupled Poisson equation (1.1a), we apply the Newton iterative method to the nonlinear term −ηe ψ + ρe −ψ which yields the following iterative process: given an initial guess ψ 0 , for k = 0, 1, . . . until convergence, compute ψ k+1 by solving the equation
with the Dirichlet boundary conditions ψ k+1 (0) = V 0 and ψ k+1 (1) 
where V 0 and V 1 are the applied biases at the Ohmic contacts x = 0 and x = 1, respectively. As mentioned above, the solution to (1.2a) has a thin interior layer due to the jump in D(x) at the p-n junction. Furthermore, there are boundary layers in the solution ψ k+1 at the boundary points 0, 1. In typical applications the applied (scaled) biases V 0 and V 1 lie in the range [0, 130] and hence the coefficient −(ηe ψ + ρe −ψ ) of the term ψ k+1 in (1.2a) can be much greater than one in magnitude. We, therefore, introduce the scaling factor
Multiplying both sides of (1.2a) by λ we have
where
It is clear that 0 A(x) 1 and that λ is positive because both η and ρ are positive. Since λ can also become small, it follows that (1.2) is a singularly perturbed problem with the singular perturbation parameter λ.
In this paper we want to focus on overcoming the numerical difficulties caused by the presence of boundary and interior layers in the exact solution of problem (1.2). Therefore, we investigate the numerical solution of a single singularly perturbed second order ordinary differential equation with a discontinuity in its inhomogeneous term. An appropriate singularly perturbed linear two-point boundary value model problem is introduced in the next section.
Singularly perturbed problem
Motivated by the discussion in the previous section, we now consider the following singularly perturbed two point boundary value problem:
where 0 < ε 1 is a singular perturbation parameter and α a(x) α for some positive constants α and α . We regard (2.1) as a model problem for (1.2), where d corresponds to the location of the p-n junction.
The solution u ε of problem 2.1 can be decomposed into discontinuous regular and singular components
where the regular component v ε is defined on Ω\{d} as the solution of the two problems
and
and, consequently, the singular component w ε satisfies 
where C is a constant independent of the singular perturbation parameter ε and
Proof. See [1, 4] for details. Here we outline the main argument. The following minimum principle is first established.
From this, one easily establishes that u ε Ω C. The bounds on v ε and w ε and their derivatives are then established using the arguments given in [4] for the problem
These bounds on the derivatives of the components of the solution enable us to identify the location and the width of the layers that are present in the solution u ε of problem (2.1). We see that the gradients in the boundary layer function e 1 depend inversely on ε in O( √ ε)-neighborhoods of the end-point x = 0 and of the point x = d. Outside these neighborhoods, the boundary layer function e 1 and its derivatives are negligible, since for all x k √ ε/α ln ε −1 we have
Analogously, the boundary layer function e 2 has steep gradients for small values of ε in O( √ ε)-neighborhoods of the point x = d and of the end-point x = 1.
Since we have identified where the layers occur in the solution of problem (2.1), it is both natural and advisable to design a mesh with a significant proportion of its mesh points in these layer regions, in order to resolve the corresponding boundary and interior layers. This leads in a natural way to the introduction of fitted mesh methods, which is the topic of the next section.
Fitted mesh methods
We use the fitted mesh methods described in [3] for wide classes of problems. These are numerical methods with piecewise-uniform fitted meshes having their mesh points distributed so that the resulting numerical solutions resolve the boundary layers in the exact solution. An additional feature of these methods is that, in the case of fitted finite difference methods, the linear interpolants of the finite difference solutions yield global approximations that converge in the maximum norm to the exact solution at each point of the domain Ω. A parameter-uniform fitted mesh method satisfies a parameter-uniform error estimate in the maximum norm, and so the convergence is independent of the singular perturbation parameter. This is described formally in the following definition.
Definition. Suppose that for each value of ε the exact solution u ε is approximated by a sequence of numerical solutions {(U 
Here p is called the ε-uniform order of convergence and C is the ε-uniform error constant.
The reader is referred to [3] and the references therein for more details about fitted mesh methods. In this paper, fitted mesh methods are constructed to solve problem (2.1). The resulting fitted finite difference method is solved numerically using a non-overlapping Schwarz iterative process.
To construct the fitted mesh Ω N ε we decompose the domain Ω into six subdomains
The transition points σ 1 , σ 2 are chosen as in [5] to be
This particular choice of the transition points is crucial for the ε-uniform convergence of the numerical method. Note that the transition points depend on both the singular perturbation parameter ε and on the number N of mesh elements. In each of the six subdomains a uniform mesh is used. on Ω is in general a piecewise-uniform mesh. We note in passing that it becomes a uniform mesh in the case when ε or N is sufficiently large to ensure that
. Note that we have used six subdomains, because there are in general two boundary layers, one at x = 0, the other at x = 1, and one interior layer at x = d. If the boundary conditions happen to have values such that no boundary layer occurs at a boundary point, then the corresponding fine mesh subdomain at that point can be eliminated and the obvious modifications are made in the distribution of the mesh points. Of course no harm is done, apart from some unnecessary computational work, if all of the fine mesh subdomains in such cases are retained.
Problem (2.1) is now discretized and solved on the fitted mesh Ω N ε using the following parameterrobust non-overlapping Schwarz iterative method: given an initial guess u [0] (d) for the unknown u ε (d), the algorithm is started by specifying
Then, for k = 1, 2, 3, . . . we solve the following two finite difference subproblems for the mesh functions
where the second order centered finite difference operator is defined by
and the first order forward and backward finite difference operators by
After these two sub-problems are solved, the approximation to u ε (d) is updated using the average of the computed values at the two neighboring nodes of d. That is,
We define the kth Schwarz approximation to u ε as
This iterative process is repeated until successive iterates are sufficiently close at each point of Ω N ε , in the sense that they satisfy the stopping criterion
Numerical experiments
To verify the effectiveness of the numerical method constructed in the previous section, we apply it to the following two test problems. Both test problems have one interior and one boundary layer. All the computations were performed in Fortran 77 double precision on a Pentium PC under the Linux environment.
The first test problem is the reaction-diffusion problem
The solution u ε of this problem, which has an interior layer at x = 0.5 and a boundary layer at x = 1 is
for x 0.5 and
for x 0.5, where the constants A and B are
Since the solution of this (and the next) problem has no boundary layer at the end-point x = 0, the general algorithm described in the previous section may be appropriately modified. Hence, we decompose Ω into the five subdomains
Then The transition parameters are taken to be
The problem is solved for various values of ε and N and the numerical results for four different values of ε are plotted in Fig. 1 . The initial guess u [0] (0.5) for u ε (0.5) is chosen in the following way: for each possible value of ε, the starting value for the first iterate for u ε (0.5) on the coarsest mesh is the average value of f (x) at the two neighboring mesh points on either side of x = 0.5. For subsequent iterates the computed value U
[k] (0.5) on this mesh is then used as an initial guess for the next refined mesh. Since the exact solution has the simple closed form (4.2) the errors in the numerical solution can be computed exactly. The error in the maximum norm and the number of Schwarz iterations required for convergence are listed in Table 1 . The results confirm computationally that this method is ε-uniform. In Table 2 the errors in the maximum norm and the number of Schwarz iterations required for convergence using a ) are given for comparison purposes, from which it is clear that this method is not ε-uniform.
Remark. The simpler initial guess strategy
for all values of N and ε results in larger iteration counts. The numerical results corresponding to this simpler strategy are given in Table 3 . The second test problem is the reaction-diffusion problem with a nonsmooth variable coefficient Table 3 Fig This test problem is solved using the same techniques as for the first. Graphs of the corresponding numerical solutions are shown in Fig. 2 . However, in this case a simple closed form of the exact solution is not available and so we need to estimate the errors in the numerical solutions by taking as an approximate exact solution the numerical solutions obtained on the fitted mesh Ω 6000 ε . When the point x is not a mesh point, we use the linear interpolant of the values at the two neighboring mesh points. The computed error in the maximum norm and number of Schwarz iterates required for convergence are given in Table 4 . The results confirm computationally that this is an ε-uniform method for the sake of comparison, analogous results using a single uniform mesh on the whole of Ω, obtained by taking σ = 1 8 , are shown in Table 5 . It is clear that the latter is not an ε-uniform method.
Conclusions
From the numerical experiments conducted in the previous section, we see that our new numerical method, consisting of a standard finite difference operator on a non-standard piecewise-uniform fitted Table 4 Computed maximum pointwise errors and iteration counts for method (3.1)-(3.5) applied to problem (4.4) mesh, generates numerical solutions that converge parameter-uniformly in the maximum norm. This behaviour is in marked contrast to the numerical solutions generated by an analogous numerical method on a uniform mesh. We see also from the graphs, that the numerical solutions display no non-physical numerical oscillations, which are often an undesirable phenomenon that arises when classical numerical methods are used to solve problems with layers. We conclude therefore that the use of appropriately fitted piecewise-uniform meshes provides a remarkably simple solution to the problem of constructing satisfactory numerical solutions to problems involving boundary and interior layers.
